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Abstract 

We state the intrinsic form of the Hamiltonian equations of first-order Classical Field theories 
in three equivalent geometrical ways: using multivector fields, jet fields and connections. Thus, 
these equations are given in a form similar to that in which the Hamiltonian equations of 
mechanics are usually given. 

Then, using multivector fields, we study several aspects of these equations, such as the 
existence and non-uniqueness of solutions, and the integrability problem. In particular, these 
problems are analyzed for the case of Hamiltonian systems defined in a submanifold of the multi- 
momentum bundle. Furthermore, the existence of first integrals of these Hamiltonian equations 
is considered, and the relation between Cartan-Noether symmetries and general symmetries of 
the system is discussed. Noether's theorem is also stated in this context, both the "classical" 
version and its generalization to include higher-order Cartan-Noether symmetries. Finally, the 
equivalence between the Lagrangian and Hamiltonian formalisms is also discussed. 
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1 Introduction 



The geometric structures underlying the covariant Lagrangian description of first-order Field the- 
ories are first order jet bundles J X E ^ E M and their canonical structures (see Q, and 
references quoted therein). For the covariant Hamiltonian formalism several formulations arise, 
which use different kind of differentiable structures (polisymplectic, k-symplectic, k-cosymplectic 
or multisymplectic forms) and multimomentum phase spaces where the formalism takes place (see, 
for instance, Q, §, @, @, @, @, ||, |§, Q, @). 

In any case, a subject of interest in the geometrical description of the Hamiltonian formalism of 
Classical Field theories is related to the field equations, which are called the Hamiltonian equations. 
In the multisymplectic models, both in the Lagrangian and Hamiltonian formalisms, the field 
equations are usually written using the multisymplectic form in order to characterize the critical 



sections which are solutions of the problem ||, |l2j, 14]. This characterization can be derived from 
a suitable variational principle. 

However, other attempts have been made to write these field equations in a more geometric- 
algebraic manner (as is done in mechanics, using vector fields); namely: by using Ehresmann 
connections ||, & J et Mds ® > or multivector fields 0, @, |l|, @, |§. All of them have 
been carefully studied in for the Lagrangian formalism of Field theories, and their equivalence 
demonstrated. The aim of this work is to carry out the analysis of these procedures for the Hamil- 
tonian formalism, proving that all of them are equivalent, and using in particular the multivector 
field formulation to study the existence and non-unicity of solutions of these equations, and their 
integrability. Furthermore, equivalence theorems between the Lagrangian and Hamiltonian for- 
malisms are stated. Thus, previous works of I.V. Kanatchikov devoted to the analysis of the field 
equations in the Hamiltonian formalism using multivector fields (in a more specific context), are 
completed. 

Another subject of interest is the study of symmetries. Again using the multivector field for- 
malism, we introduce and characterize different kinds of symmetries which are relevant in Field 
theory, showing their relation. In particular, Noether's theorem is proved and generalized in order 
to include higher-order Noether symmetries. 

The paper is structured as follows: In Section 2 we review the construction of Hamiltonian 
systems in Field theory. Section 3 is devoted to setting the Hamiltonian field equations in terms of 
multivector fields, connections and jet fields (showing the equivalence of three methods), analyzing 
the existence and non- uniqueness of solutions (in the regular case) , and their integrability. Sections 
4 and 5 deal with the study of symmetries, first integrals and Noether's theorem. In Section 6, 
the case of restricted Hamiltonian systems is considered (those where the equations are defined in 
a submanifold of the multimomentum bundle). Hamiltonian systems associated with Lagrangian 
systems are treated in Section 7, including the equivalence between the Lagrangian and Hamiltonian 
formalism (for hyper-regular case). In Section 8, an example which is a quite general version of 
many typical models in Field theories is analyzed. The last Section is devoted to presenting the 
conclusions. The work ends with an appendix where the main features concerning multivector fields 
and connections are reviewed. 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over crossed 
repeated indices is understood. Throughout this paper tt: E — > M will be a fiber bundle (dim M = 
m, dim E = N + m), where M is an oriented manifold with volume form oj £ f} m (M), and 
7T : J E — > E will be the jet bundle of local sections of tt. The map tt 1 = tt o tt 1 :J l E — > M defines 
another structure of differentiable bundle. Finally, will be natural local systems of 

coordinates in J X E (u = 1 . . . ,m; A = 1, . . . , N). 
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2 Hamiltonian systems 



The Hamiltonian formalism for first-order Field theories requires the choice of a multimomentum 
phase space. This choice is not unique. In [ 10 1 and the relations among some of them are 
shown, and in particular the following result is proved (see also || and ]30|]): 



Theorem 1 Let tt: E — > M be a fiber bundle. Then the following bundles are diffeomorphic: 



1. A™T* ] E i 'tt* A m T* M (where A™T*E = Mtt is the bundle of m-forms on E vanishing by the 
action of two n -vertical vector fields). 

2. Aff ( J 1 ^, ir* A m T* M) /iT*A m T*M (where AS ( J 1 ^, vr* A m T*M) denotes the set of affine bundle 
maps from J X E to ir*A m T*M). 

3. tt*TM® V*(vr) ® vr*A m T*M (where V*(vr) denotes the dual bundle o/V(tt) = ker Tit). 



Thus, we take these equivalent bundles as our multimomentum phase space, and call it the 
multimomentum bundle. We denote it by J l *E, and its points as y G J l *E. For the natural 
projections we will write r : J 1 *!? — > E and f 1 = it or 1 : J l *E —* M. Given a system of coordinates 
adapted to the bundle it: E — > M, we can construct natural coordinates in J l *E and Mtt, which 
will be denoted as and (x^,y A ,p A ,p), respectively. 

In order to complete the geometric background of the Hamiltonian formalism, the multimomen- 
tum bundle must be endowed with a geometric structure which characterizes the system. Thus, we 
can construct Hamiltonian systems in three different ways || , [|llj , , |26| . |Q : 

First, the multicotangent bundle A m T*E is endowed with canonical forms 1: 0g f2 m (A m T*E) 
and the multisymplectic form fl := -d@ G fl m+1 (A m T*E). But Mtt = AfT*E is a subbundle of 
A m T*E. Then, if A: AfT*E ^ A m T*E is the natural imbedding, := A*0 and ft := -d6 = X*Q 
are canonical forms in Mtt, which are called the multimomentum Liouville m and {m + 1) forms 
of Mtt. In a system of natural coordinates in Mtt we have 

= p A dy A A d m—1 x^ + pd m x , ft = —dp A A dy A A d m ~ 1 x fl — dp A d m x (1) 



A section h: J E —* Mtt of the projection u: Mtt — > J E is called a Hamiltonian section. The 
Hamilton-Cartan m and (m + 1) forms associated with the Hamiltonian section h are 

O h = h*e ; ft fe = h*n = -d@ h 

Using natural coordinates in J U E, a Hamiltonian section is locally specified by a local Hamiltonian 
function H G C°°(U), U C J U E, such that h(x^,y A ,p^ A ) = (x^,y A ,p%p = - H (x^ , y B , Pl3 )) . 
Therefore, if f 1 *^ = d m x = dx 1 A ... A dx m , the Hamilton-Cartan forms take the local expressions 

® h =p» A dy A Ad^x^- Hd m x , fth = —dp A A dy A A d m_1 x M + dH A d m x (2) 

where d™~% ^ j (JL} d m x . 

A variational problem can be posed for the system (J l *E, ft/J: the states of the field are 
the sections of f 1 which are critical for the functional H: r c (M, J l *E) -> tt defined by H(yb) := 
f M ip*&h, for every ip G T C (M, J l *E)\ where T C (M, J E) is the set of compact supported sections 
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for every X 6 X(J E), which in natural coordinates in J E, is equivalent to demanding that 
ip = (x^, y A (x),p A (x)) satisfies the equations 



dy A 




dH 




d PA 


dH 


dx^ 


4> 


dp A 




dx^ 


ip dy A 



(3) 



which are known as the Hamilton-De Donder-Weyl equations. But, as H is a local Hamiltonian 
function, these equations are not covariant; that is, they transform in a non-trivial way under 
changes of coordinates (see ||). 

The way to overcome this problem (and get a system of covariant equations) consists in using 
a connection. In fact, a connection V in the bundle it: E — > M induces a linear section jy. J^E — > 
M.tx of the projection \i ||, [11]. Then, we can construct the differentiable forms 

e v :=^e , n v ■.= -de v = fin 

which are called the Liouville m and (m + 1) forms of J U E associated with the connection V. 
Using natural coordinates in J U E and A4tt, if V 



dx^ 



jw(x^,y A ,p A ) = (x^,y A ,p A ,p = -p„F 



$r%), and 



\dx>* M dy A 



then we have that 



qV _ ^ a„,A A jm-l 



jf A dy A Ad m - l x^-p^ A r A d m x 



dp A A dy A A d™- 1 ^ + d(p A r* ) A d m x 



Now we have the following result: 



Lemma 1 If hi, h 2 - J E — > A4ir are two sections of p, then h\Q — hZ,Q = h\ — hi- 



( Proof) On the one hand, h\@ - h* 2 Q G Q m (J u E). On the other hand, hi - h 2 :J 1 *E -» 
Aiir = A 7 [ t T*E has its image in 7r*A m T*M, because hi, h% are sections of [i. But we have a natural 
inclusion 7r*A m T*M ^ A m T*J 1 *E given by means of the projection r 1 : J l *E —> E. Finally, the 
equality follows from a trivial calculation using natural coordinates. ■ 

Therefore, given a connection V and a Hamiltonian section h, from this Lemma we have that 

jv-h = fie - h*e ^e v -Q h ■.= nl 

is a r 1 -semibasic m-form in J l *E. It can be written as Ti^ = Hr 1 u, where H G C 0O (J 1 *£?) is the 
(global) Hamiltonian function associated with TC^ and u>. Then, we can define 

Qj:=®v-Hl , ^ := _ d6 V = v + dw v 

which are called the Hamilton-Cartan m and (m+1) forms of J l *E associated with the Hamiltonian 
section h and the connection V. Their local expressions are 

&h = ^d/Ad m -V-(H + ^)d m ^ 

V% = -dp^ A A d™' 1 !, + d(H + p^/) A d m x (4) 

where H is a global Hamiltonian function, whose relation with the local Hamiltonian function H 
associated with the Hamiltonian section h is H = H — p A T A (in an open set U). In Field theory, 
every r 1 -semibasic m-form in J l *E is usually called a Hamiltonian density. 

As in the above case, the variational problem for the system (J 1 *!?, n^) leads to the following 
characterization of the critical sections 
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which, in natural coordinates in J U E, is equivalent to the local equations (for the critical sections 
^ = {x^y A {x)Mx))) 



dy A ( OR , A dfi 



4> \ dp\ + F v I V ' dxf V> \ dy A ' ™ dy 



OB. v dFl 
+ Pb- 



(6) 



which are covariant, and are called the Hamiltonian equations of the system. 



If, conversely, we take a connection V and a Hamiltonian density TC, then making jv — TL = /iv 
we obtain a section of /x, that is, a Hamiltonian section, because TC: J^*E —* .M7T takes values in 
7r*A m T*M. Hence we have proved the following: 

Proposition 1 A couple (h, V) in J U E is equivalent to a couple (TC, V) (that is, given a connection 
V, Hamiltonian sections and Hamiltonian densities are in one-to-one correspondence). 

Bearing in mind this last result, we have a third way of obtaining a Hamiltonian system, which 
consists in giving a couple (TC, V), and then define 

: = e v - h , n% ■- -de^ = o v + dn 

which are the Hamilton-Cartan m and (m + 1) forms of J l *E associated with the Hamiltonian 
density TL and the connection V. Their local expressions are the same as in (Q), with TL = Hf 1 *^. 

Summarizing, there are three ways of constructing Hamiltonian systems in Field theory, namely: 

• Giving a Hamiltonian section h: J^*E — ► A4n. 

• Giving a couple (h, V), where h is a Hamiltonian section and V a connection in n: E — > M. 

• Giving a couple (TL, V), where TL is a Hamiltonian density. 

In each case, we can construct the Hamilton-Cartan forms and set a variational problem, which is 
called the Hamilton-Jacobi principle of the Hamiltonian formalism. As we have said, the second 
and third way are equivalent. 

From now on, a couple (J l *E, OF), or equivalently (J l *E, flS), will be called a Hamiltonian 
system. 



3 Hamiltonian equations, multivector fields and connections 

We can set the Hamiltonian field equations using jet fields, connection forms and multivector fields 
(see the appendix [A| for notation and terminology). 

First, an action of jet fields on forms is defined in the following way H, |§: consider the bundle 
J l (J l *E) (the jet bundle of local sections of the projection r 1 ), which is an affine bundle over 

J U E, whose associated vector bundle is f U T*M ® E V(r 1 ). We have J l (J u E) J U E M. 
If y-.J u E -> J l {J u E) is a jet field, a map J>: X(M) -> X(J U E) can be defined as follows: for 
every Z G X(M), y[Z) G X(J U E) is the vector field given by 3>(Z)(y) := (T f i^)ip)(Z f for 
every y G J 1 *^ and -0 G !y(y). If 3^ = (x^,y A ,p A ,F A (x,y,p),G p A ^(x,y,p)), its local expression is 
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This map induces an action of y on the forms in J 1 * E. In fact, let £ G f2 m+k (J 1 *E), with k > 0, 
we define iO>)f : £(M)x { m } xl(M) — ► Q k (J u E) given by 

[(i(y)O(^i, ■ • • > Z m )](y; X 1 ,...,X k ):= C(y; y{z x \ y(Z m ), X 1 ,...,X k ) 

for Zi, . . . , Z m G 3C(M) and Xi, . . . , X k G X( J U E). It is a C°°(M)-linear and alternate map on 
the vector fields Zi, . . . , Z m . The C°°( J 1 * J E)-linear map so defined, extended by zero to forms 
of degree p < m, is called the inner contraction with the jet field y. Then, it can be proved Q, || 
that: 

Lemma 2 If y is an integrable jet field and £ G J? m+1 (J 1 *£'). T/ien i(^)£ = i/ ; and on/?/ i/, £/ie 
integral sections vb: M — > J 1 *^ o/3^ satisfy the relation vb* i(X)£ = 0, for every X G ^(J 1 *^). 



Theorem 2 Lei (J^E, $7^) 6e a Hamiltonian system. The critical sections of the Hamilton- Jacobi 
principle are the sections ifi G T C (M, J l *E) satisfying any one of the following conditions: 

1. They are the integral sections of an integrable jet field y^: J U E — > J l {J l *E) satisfying that 

i{y H )nl = Q. 

2. They are the integral sections of an integrable connection satisfying that i(Vn)^h = 

3. They are the integral sections of a class of integrable and r 1 -transverse multivector fields 
{X n } C 3C m (J u E) such that i{X H )nJ = 0, for every X H G {X n }. 



( Proof) Critical sections are characterized by the equation (]5|). Then, using the above lemma 
with £ = Q,^ , we obtain the equivalence between (||) and the item 1. 

For the second item it suffices to use the expression in natural coordinates of a connection 

d „ A d „„ d 



V n = dx^[— + F A — + G P A 



dx^ * dy A Ail dp p A 



v 



Hence, bearing in mind the local expression (|j), we prove that the condition i(V^)^^ 7 = (m — l)Q h 
holds for an integrable connection if, and only if, the Hamiltonian equations (g) hold for its integral 
sections (see [25| and pq] ). 



Finally, item 3 is a direct consequence of the equivalence between orientable and integrable 
jet fields y-.J^E — > J 1 (J 1 *£'), and classes of locally decomposable, ^-transverse and integrable 
multivector fields {X} C X m (J u E). m 

Thus, in Hamiltonian Field theories we search for (classes of) -^-transverse and locally decom- 
posable multivector fields Xyi G X m (J u E) such that: 

1. The equation i(Xn)U^ = holds. 

2. X-h are integrable. 

A representative of the class of multivector fields satisfying the first condition can be selected by 
demanding that i(X-n)(f 1 *uj) = 1. Then its local expression is 



X^= A (°+F*° + (y°] 



(7) 
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Concerning to the second condition, let us recall that, if {X-^} C X m (J 1 *E) is a class of locally de- 
composable and f ^transverse multivector fields, then X-^ is integrable if, and only if, the curvature 
of the connection associated with this class vanishes everywhere. 

Definition 1 X-h G X m (J u E) will be called a Hamilton-De Donder-Weyl (HDW) multivector 
field for the system (J^E, 0^ ) if it is ^-transverse, locally decomposable and verifies the equation 

We denote the set of HDW-multivector fields by X^ DVF ( J 1 *^, O^ 7 ). 



Theorem 3 (Existence and local multiplicity of HDW-multivector fields): Let (J^E, Q^) be a 
Hamiltonian system. 

1. There exist classes of HDW-multivector fields {X-^} C X 7 J^ DW (J 1 *E), (and hence equiva- 
lent jet fields y-}{:J l E — > J l (J l *E) with associated connection forms V-^, satisfying that 
i(yn)^h = and i(^n)^h = (m- respectively). 

2. In a local system the above solutions depend on N(m 2 — 1) arbitrary functions. 



Proof ) 

1. First we analyze the local existence of solutions and then their global extension. 

In a chart of natural coordinates in J^*E, the expression of fi^ 7 is (Q); and taking the multi- 
vector field given in (0) as representative of the class {X^}, from the relation i(X^)0^ = 
we obtain the following conditions: 

• The coefficients on dp'i must vanish: 



= Ff- — -rf (for every A, v) (8) 

This system of JVm linear equations determines univocally the functions F A . 
The coefficients on dy A must vanish 



axT a pB 



which is a compatible system of N linear equations on the JVm 2 functions 
Using these results we obtain that the coefficients on dx^ vanish identically. 



Aw 



These results allow us to assure the local existence of (classes of) multivector fields satisfying 
the desired conditions. The corresponding global solutions are then obtained using a partition 
of unity subordinated to a cover of J l *E made of natural charts. 

(Note that, if ijj = (x M , y A (x u ),p^(x u )) is an integral section of X^ (resp. 3^h), then 



,. i d V A n v i d PA 
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2. In natural coordinates in J^*E, a HDW-multivector field X-yi € {X-^} is given by (0). So, it 
is determined by the Nm coefficients Fjy (which are obtained as the solution of (||)), and by 
the Nm 2 coefficients G A , which are related by the ./V independent equations (^). Therefore, 
there are N(m 2 — 1) arbitrary functions. 



Finally we try to determine if it is possible to find a class of integrable HDW-multivector 
fields. Hence we must impose that the corresponding multivector field X% verify the integrability 
condition; that is, the curvature of the associated connection vanishes everywhere, that is, 

fdF* A dF* „ 8F^ dF* A dF^ dF*\ , nx d 
'» - (^+^^ + ^^-^-^^-^^J(d^Ad^)®^ + 

dG p R „ „ A dG p _ dG p \ „ x 9 




Bti j^a Bfi r r 




6 

(dx* A dx v ) <g> — -s- 
d P B 



dy A Ar > dp\ j up u 

or, what is equivalent, the following system of equations hold (for 1 < [i < rj < m) 

8F^ A dF* „ dF^ OF* A dF* _ 3F* 
dx» " dy A ^ dp^ " 9y A Ar ? 

d 2 H dff d 2 ff 
dx^dp B dp A dy A dp B 

d 2 H d 2 H dH d 2 H d 2 H 

A »dp\dpl dx'dpl dp\dy A dp% Ar >dp A dp B { ' 

n _ dG B v p A dG B v rl dG B n dG B» p A dG Bn ^ 7 dG By 

dx» » 8y A ^ dpi dxi v 8y A ^ dp\ 

og Bv dH dG Bv dG Br) dG B)X and& Blt gg^ 

<9^ dp^ 9y A A ^ 9^ dx^ dp\ dy A Ar ? dpi 1 ) 

(where H = H + p A T A , and use is made of the Hamiltonian equations). Since these additional 
conditions on the functions G A must be imposed in order to assure that X-yi is integrable, the 
number of arbitrary functions will be in general less than N(m 2 — 1). 

As far as we know, since this is a system of partial differential equations with linear restrictions, 
there is no way of assuring the existence of an integrable solution, or of selecting it. Observe that, 
considering the Hamiltonian equations for the coefficients G Av (equations (||)), together with the 

integrability conditions (|l(]) and (|Tl|), we have N + —Nm(m — 1) linear equations and —Nm 2 (m — 1) 

partial differential equations. Then, if the set of linear restrictions (|9|) and (|To| ) allow us to isolate 

iVH — Nm(m — 1) coefficients G A as functions on the remaining ones; and the set of —Nm 2 (m — 1) 

partial differential equations ( pT|) on these remaining coefficients satisfies the conditions on Cauchy- 
Kowalewska's theorem ||, then the existence of integrable HDW-multivector fields (in J^E)) is 
assured. If this is not the case, we can eventually select some particular HDW-multivector field 
solution, and apply the integrability algorithm developed in || in order to find a submanifold 
X J l *E (if it exists), where this multivector field is integrable (and tangent to I). 

Other results concerning the expression of the Hamiltonian equations in terms of multivector 
fields can be found in ^0|, plj, J^] and where the definition of Poisson algebras in Field 
theories is also given (see also M). 
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4 Symmetries and first integrals 

Next we recover the idea of first integral or conserved quantity, and state Noether's theorem for 
Hamiltonian systems in Field theory, in terms of multivector fields. In this sense, a great part of our 
discussion is a generalization of the results obtained for non-autonomous (non-regular) mechanical 
systems (see, in particular, [^], and references quoted therein). We refer to appendix |X] to review 
the definition of the basic differential operations on the set of multivector fields in a manifold. 

Consider a Hamiltonian system (J l *E, O^ 7 ). Let 

ker m n% := {Z G X m {J 1 *E) ; i{Z)n% = 0} 

and let ker™ O^ 7 C X m (J l *E) be the set of m- multivector fields satisfying that 

i(X)£%=0 , i(I)(f\)/0 (12) 

These are -^-transverse multivector fields (but not locally decomposable, necessarily), and as 
usual we can select a representative on each equivalence class of solutions, by demanding that 
i(X)(f 1 *uj) = 1. Remember that HDW-multivector fields are solutions of (|12^) which are locally 
decomposable. Then, if XYhdw( J U E, denotes the set of integrable HDW-multivector fields, 
we obviously have that 

X? HDW (J U E,nV) C 3% DW (J u E,n%) C keC 0% C ker m fi£ 

Now we introduce the following terminology | |12| , |27[ |: 

Definition 2 A first integral or a conserved quantity of a Hamiltonian system (J U E, OF) is a 
form £ G Q^^E) such that L(X)£ = 0, for every X G ker™ . 

Observe that, in this case, L(X)( = (-l) m+1 i(X)d£. 

Proposition 2 If £ G Q m ~ 1 {J 1 *E) is a first integral of a Hamiltonian system (J U E,Q^), and 
X G ker™ Sl^ 7 is integrable, then £ is closed on the integral submanifolds of X. That is, if js- S 
J l *E is an integral submanifold of X, then djg£ = 0. 

( Proof) Let X\, . . . , X m G X(J U E) be independent vector fields tangent to the (m-dimensional) 
integral submanifold S. Then X = fX\ A ... A X m , for some / G C°°(J 1 *i?). Therefore, as 
i(X)d£ = 0, we have that 

j* s mXi, ...,X m )}= f s i(Xi A ... A X m )dt = 



Conserved quantities can be characterized as follows: 

Proposition 3 If £ G Q m ~ l ( J U E) is a first integral of a Hamiltonian system ( J U E, then 
L(£)f = 0, for every Z G ker m fijf. 
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Then, for every Z G ker m fijf n ker m (t 1 *lo), we have that Z = X x - X 2 , with X U X 2 G ker™ 
such that i{X\)(f l *u)) = i(X 2 )(f U Lo). Hence, if £ is a first integral, we have that L(Z)^ = 0. On 
the other hand, taking Xq G ker™ fi^ 7 , for every Z G ker m we can write the identity 

Z = (Z - i(Z)(f u u)X ) + i(Z)(f u u)X 

then, if i(X )(f u uj) = 1, it follows that Z - i{Z)(f u u)X G ker m Q% n ker m (t 1 *^), hence 

L(Z)C = L(Z - i{Z){f l *u)X Q )£ + L(i(2)(f 1 *a;)Xo)e = (-l) m+1 i(Z)(f ^) i(X )d£ = 

since di(X n )£ Y = 0, because £ Y G ^"^V 1 *^- ■ 

The converse of this statement holds obviously, and hence this is a characterization of first 
integrals. 

Next we introduce the following terminology (which will be justified in Theorem ||): 

Definition 3 An (infinitesimal) general symmetry of a Hamiltonian system (J^E, fi^) is a vector 
field Y G X(J U E) satisfying that [Y, ker m fijf] C ker m U%. 

Bearing in mind the properties of multivector fields (see the Appendix), we obtain that general 
symmetries have the following basic properties: 

• If Y G X(J l *E) is a general symmetry, then so is Y + Z, for every Z G ker 0^ . 

• If Yi, Y 2 G X(J U E) are general symmetries, then so is [Y"i, Y 2 \. 

A first characterization of general symmetries is given by: 

Lemma 3 Let (J 1 * E,Q,^) be a Hamiltonian system, Y G X(J 1 *E), and let Ft be a local flow of 
Y. Y is a general symmetry if, and only if, ^(ker™ fl^ 7 ) C ker m £1% , in the corresponding open 
sets. 



( Proof) As ker m is locally finite-generated, we can take a local basis Z\, . . . ,Z r of ker m O^ 7 , 
and then the assertion is equivalent to proving that [Y, Zj\ = f-Zj if, and only if, Ft*Zi = gjZj 
(for every i = 1, . . . ,r), where gj are differentiable functions on the corresponding open set, also 
depending on t. 

It is clear that, if F t *Zi = gj Zj, then [Y, Zj] = f-Zj. 

For the converse, we have to prove the existence of functions gj such that Ft*Zi = g\Zj. 
Suppose that [Y, Zj\ = f\Zj, and remember that — ^ Ft*Z{ = F S *[Y, Z{] . Hence, on the one hand 



we obtain 



F»%Zi) = F^fiZj) = (F~ 1 )* f? F s *Zj = (F^yfi^Z*) 
and on the other hand, we have that 



d_ 

dt 



Et*Zi 



t=s 



d_ 

dt 



t=s 



9iZ k 



dt 



t=s 



therefore, comparing these expressions, we conclude that 
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This is a system of ordinary linear differential equations for the functions g\, which, with the initial 
condition gf(0) = Sf, has a unique solution, defined for every t on the domain of Ft- Then, taking 
this solution, the result holds. ■ 

Using this Lemma, we can prove that: 

Theorem 4 Let Y G X(J U E) be a general symmetry of a Hamiltonian system (J l *E,£i^), and 
Ft a local flow of Y . 

1. If ' Z G ker m il^ 7 is an integrable multivector field, then F t transforms integral submanifolds of 
Z into integral submanifolds of 

2. In particular, if Y G X(J l *E) is f 1 -projectable, and X-h G %Thdw( J U E, £1%), then F t 
transforms critical sections of X^ into critical sections of F^X-^, and hence F^X^ G 



( Proof ) 

1. Let Xi, . . . , X m G X( J l *E) be vector fields locally expanding the involutive distribution asso- 
ciated with Z. Then F^Xx, . . . , Fj t X m generate another distribution which is also involutive, 
and, hence, is associated with a class of locally decomposable multivector fields whose repre- 
sentative is just Ft*Z, by construction. The assertion about the integral submanifolds is then 
immediate. 

2. First observe that, as Y is r ^projectable, then Ft restricts to a local flow F^ in M; that is, 
we have Ff^ of 1 = f 1 o Ft. Now, for every tp: M — > J U E, integral section of X-h, we can 
define ipt'M—* J X *E by the relation Ft oip = ip t o F^ 1 , which is also a section of f 1 , because 

r 1 o iPt = f 1 o Ft o vb o (F^)- 1 = F t M of'o^o (F t M ) _1 = F t M o (F^ 1 )" 1 = Id M 

since f 1 o vb = Um- Then, observe that, by construction, Im^ = i^(Im^) is an integral 
submanifold of Ft*X%, and as is a section of f , it is -^-transverse. Hence F^Xq-c (which 
belongs to ker m fi^ > by Lemma ^) is integrable (then locally decomposable), and as its integral 
submanifolds are sections of f 1 , it is -^-transverse, thus F t *Xft G %Thdw( J U E, £1%)- 



General symmetries can be used for obtaining conserved quantities, as follows: 

Proposition 4 // £ G f2 m ~ 1 (J 1 *E) is a first integral of a Hamiltonian system (J 1 * E,fi^), then 
so is L(Y)£, for every general symmetry Y G X(J U E). 

( Proof) For every first integral £ G (l m -\ J U E), and Z G ker m if Y G X(J U E) is a general 
symmetry, we have that 

l(z) L(y)e = l([2, y])£ + lOO l(z)£ = l([z, y])£ = o 

since [Z,Y] G ker m fi^ 7 , and as a consequence of Proposition ||. ■ 
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5 Noether's theorem for multivector fields 

There is another kind of symmetries which play a relevant role, as generators of conserved quantities: 

Definition 4 An (infinitesimal) Cartan or Noether symmetry of a Hamiltonian system (J^E, 0^) 
is a vector field Y G X(J 1 *£') satisfying that L(l")^/f = 0. 

Remarks: 

• It is immediate to prove that, if 11,12 £ X(J 1 *£') are Cartan-Noether symmetries, then so 
is \Yi,Y 2 ]. 

• Observe that the condition Jj(Y)Q^ = is equivalent to demanding that i(Y)Q¥ is a closed 
m-form in J l *E. Therefore, for every p G J l *E, there exists an open neighborhood U p 3 p, 
and £y £ ^ m ~ 1 (U p ), such that i(Y)ti% = d£y (on U p ). Thus, a Cartan-Noether symmetry of 
a Hamiltonian system is just a locally Hamiltonian vector field for the multisymplectic form 

and £y is the corresponding 7ocaJ Hamiltonian form, which is unique, up to a closed 
(m — l)-form. 

Cartan-Noether symmetries have the following property: 

Proposition 5 Let Y € £( J U E) be a Cartan-Noether symmetry of a Hamiltonian system (J U E, fijf). 
Therefore: 

1. h(Y)@y is a closed form, hence, in an open set U C J X *E, there exist (y £ J? m_1 (f7) such 
that L(Y)eJ = d( Y - 

2. Ifi(Y)SlJ = d^ Y , in an open set U C J U E, then 

L(Y)ey = d(i(Y)ey-Z Y )=d( Y (in (7) 

( Proof) 

1. The first item is immediate since dL(Y)ef l = L(l")d0^ = 0. 

2. For the second item we have 

L(y)er = di(Y)@^ + i(Y)d&% = di(Y)ey - i(Y)n% = d(i(Y)e% - 

Hence we can write £y = i(Y)@y ~ Cy (up to a closed (m — l)-form). 



Remark: 

• As a particular case, if for a Cartan-Noether symmetry Y the condition h(Y)@^ = holds, 
we can take Cy = i{Y)Qj. In this case Y is said to be an exact Cartan-Noether symmetry. 
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Proposition 6 Every Cartan-Noether symmetry of a Hamiltonian system (J l *E, $7^) is a general 
symmetry. 

( Proof) Let Y G ^(J 1 *^) be a Cartan-Noether symmetry. For every Z G ker m O^ 7 , we have 
that 

i([Y, Z])VLl = L(Y) i(Z)V$ + (-l) 2+m i(Z) L(Y)n% = 
and therefore [Y, Z] C ker m fijf . ■ 

Finally, the classical Noether's theorem of Hamiltonian mechanics can be generalized to Field 
theory as follows: 

Theorem 5 (Noether): IfY G X(J 1 *i?) is a Cartan-Noether symmetry of a Hamiltonian system 
(J u E,nJ), with i(Y)Si% = d£y. T/ien, /or e?;er?/ HDW -multivector field X H G ^(J 1 *^), we 
have that 

L(Xh)Zy = 

that is, any Hamiltonian (m — l)-form £y associated with Y is a first integral of (J l *E, £1%). 

( Proof ) If Y G X( J U E) is a Cartan-Noether symmetry then 

L(X H )£y = d i (X H )H Y - (-ir i(X H )dti Y = -(-l) m %{X H ) i(Y)S% = - i(Y) i(X n )n% = 



It is interesting to remark that, to our knowledge, given a first integral of a Hamiltonian system, 
there is no a straightforward way of associating to it a Cartan-Noether symmetry Y. The main 
obstruction is that, given a (m — l)-form £, the existence of a solution for the equation i(Y)QY = d£ 
is not assured (even in the case being 1-nondegenerate). Hence, in general, the converse Noether 
theorem cannot be stated for multisymplectic Hamiltonian systems. 

Noether's theorem associates first integrals to Cartan-Noether symmetries. But these kinds 
of symmetries do not exhaust the set of (general) symmetries. As is known, in mechanics there 
are dynamical symmetries which are not of Cartan type, which generate also conserved quantities 



(see |2J|, [Q, |33|], for some examples). These are the so-called hidden symmetries. Different 
attempts have been made to extend Noether's theorem in order to include these symmetries and 
the corresponding conserved quantities. Next we present a generalization of the Noether theorem 
H], which is based in the approach of reference for mechanical systems. 

First we introduce the higher-order Cartan-Noether symmetries, generalizing the definition [| 
in the following way: 

Definition 5 An (infinitesimal) Cartan-Noether symmetry of order n of a Hamiltonian system 
(J U E,Q^) is a vector field Y G X(J 1 *£') satisfying that: 

1. Y is a general symmetry. 

2. L n (Y)nJ = 0, but L k (Y)Qj ^ 0, for k < n. 



Observe that Cartan-Noether symmetries of order n > 1 are not necessarily Hamiltonian vector 
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Proposition 7 IfY £ X^J^E) is a Cartan-Noether symmetry of order n of a Hamiltonian system 
(J u E,n^), then the form L n_1 (Y) i{Y)Q% E Q m {J 1 *E) is closed. 

( Proof ) In fact, from the definition [5| we obtain 

= L n (Y)n% = L n -\Y)L(Y)n% = L n -HY)di(Y)n% = dl/ 1 " 1 ^) i(y)n% 



Hence, this condition is equivalent to demanding that, for every p £ J l *E, there exists an open 
neighborhood U p 3 p, and £y 6 Q m - x (U p ), such that L n_1 (^) i(Y)ti% = d£y (on U p ). Then, the 
result stated in Proposition || can be generalized as follows: 

Proposition 8 Let Y € 3t(J u E) be a Cartan-Noether symmetry of order n of a Hamiltonian 
system (J 1 * E,Qfo). Therefore: 

1. h n {Y)Q^ is a closed form, hence, in an open set U C J^E, there exist (y € J? m-1 (C/) such 
that L n (Y)Qj =dCy. 

2. J/L n-1 (XH F ) ft = d£y, in an open set U C J U E, then 

L n (Y)Oj = d(L n -\Y) 1 {Y)QJ - i Y ) = dCy (in U) 

( Proof ) 

1. The first item is immediate since dL n (y)9^ = L n (F)d9^ = 0. 

2. For the second item we have 

L n (y)9^ = L n ~\Y)UY)®l = h n -\Y){di{Y)®l + i{Y)d®l) 
= &h n -\Y)i{Y)®l + L n -\Y) l (Y)o\®l 
= &h n ~\Y) l (Y)Qy-&i Y =o\{^-\Y)i(Y)®l-t Y ) 

Hence we can write £y = U l ~ l {Y) i{Y)Qj - ( Y . 



Then, theorem |H| can be generalized for including higher-order Cartan-Noether symmetries: 

Theorem 6 (Noether): If Y e X(J U E) is a Cartan-Noether symmetry of order n of a Hamil- 
tonian system {J u E,VlJ), with L n_1 (Y) i(Y)Q,J = d£y. Then, for every HDW -multivector field 
X-ft € 2C n {J 1 *E), we have that 

L(X H )& = 

that is, the (to — l)-form £y associated with Y is a first integral of (J 1 *^, fi^). 

( Proof ) If Y £ X( J X *E) is a Cartan-Noether symmetry then it is a general symmetry, and then 
[Y,X n ] = Z G ker 0% . Therefore 

L(X H )£y = (-l) m+1 i(X H )dZ Y = {-l) m+1 i{X H )l^-\Y)i{Y)nl 
= (-l) m+1 i(X n )L(Y)L n - 2 (Y) i (Y)Q^ 
= L(Y) i(X H ) L n - 2 (Y) i(Y)S% - i([Y, X H ]) L n - 2 (Y) i(Y)^ 
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and repeating the reasoning n — 2 times we will arrive at the result 

L(X n )fr = (L(Y) i(X H ) - HZ))^ 1 i(Y)n% = 



since i(X H ) i(Y)SlJ = and i(Z) i(Y)Q% = 0. 



The study of symmetries of Hamiltonian multisymplectic systems, is, of course, a topic of great 
interest. The general problem of a group of symmetries acting on a multisymplectic manifold and 
the subsequent theory of reduction has been analyzed in [17] and [18]. 



6 Restricted Hamiltonian systems 



There are many interesting cases in Field theories where the Hamiltonian field equations are 
established not in the whole multimomentum phase space J l *E, but rather in a submanifold 
jo:P J l *E, such that P is a fiber bundle over E (and M), and the corresponding projec- 
tions Tq. P — > E and fg: P — > M satisfy that r 1 o j = Tq and r 1 o j = fg In that case we will say 
that (J^EjPjQ^) is a restricted Hamiltonian system, where Q,^ := jgfi^ 7 . 

Now we can pose a variational principle in the same way as for the Hamiltonian system 
( J^E, 0^), (but with P instead of J l *E): the states of the field are the sections of Tq 1 which are crit- 
ical for the functional H : T C (M, P) -> R defined by H (V>o) := J M $5©°» for ever y V>o G T C (M, P). 
These critical sections will be characterized by the condition (analogous to (l|)) 

r o i(X )n° h = , for every X$ € X(P) 

Hence, considering multivector fields, connections and jet fields in P instead of J U E, we have: 

Proposition 9 Let (J U E, P, 0,9) be a restricted Hamiltonian system. The critical section of the 
above variational principle are sections tpo G T C (M, P) satisfying the following equivalent conditions: 

1. They are the integral sections of an integrable jet field 3^: P — > J l P satisfying that = 
0. 

2. They are the integral sections of an integrable connection satisfying that i(V^)0^ = 

(m-mi 

3. They are the integral sections of a class of integrable and fg 1 -transverse multivector fields 
{X^} C X m (P) such that i(X^)Q° h = 0, for every X^ G {X^}. 



( Proof ) The proof is like in Theorem ^. ■ 

Note that the form 0° is m-degenerate but, in general, a fg-transverse and locally decomposable 
multivector field G 3£ m (P) such that i(X^)f2^ = 0, does not necessarily exist. Furthermore, 
the existence of multivector fields of this kind does not imply their integrability. Nevertheless, it 
is possible for these integrable multivector fields to exist on a submanifold of P. So we can state 
the following problem: to look for a submanifold S P where integrable HDW-multivector fields 

G 3C m (P) exist; and then their integral sections are contained in S. 

As a first step, we do not consider the integrability condition. The procedure is algorithmic 
(from now on we suppose that all the multivector fields are locally decomposable): 
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• First, let Si be the set of points of P where HDW-multivector fields do exist 

Sl := {» 6 P ; e X»(P) such that { f , }} 

We assume that Si is a non-empty (closed) submanifold of P. 
This is the compatibility condition. 

• Now, denote by X 7 Jj DW (P, Si) the set of multivector fields in P which are HDW-multivector 
fields on Si- Let X^: Si -» A m TP| Sl be in 2^(P, Si). If, in addition, A^: Si -> A m TSi; that 
is, A^ € X m (Si), then we say that AT is a solution on Si. Nevertheless, this last condition 
is not assured except perhaps in a set of points S2 C Si C P, which we will assume to be a 
(closed) submanifold, and which is defined by 

S 2 := {y G Si ; 3A°< G 3% dw (P, Si) such that A° (y) G A m T^i} 

This is the so-called consistency or tangency condition. 

• In this way, a sequence of (closed) submanifolds, . . . C Sj C . . . C Si C P, is assumed to be 
obtained, each one of them being defined as 

Si := {y G ; 3X° G X^^Si-i) such that X^{y) G A m T s S ?; _i} 

• There are two possible options for the final step of this algorithm, namely: 

1. The algorithm ends by giving a submanifold Sf P, with dim Sf > m, (where Sf = 
P| Si ) and HDW-multivector fields A^ G X m (Sf). Sf is then called the final constraint 

i>! 

submanifold. 

2. The algorithm ends by giving a submanifold Sf with dim Sf < m, or the empty set. 
Then there is no HDW-multivector fields A^ G X m (Sf). 

This procedure is called the constraint algorithm. 

The local treatment of this case shows significative differences to the general one. We again have 
the system of equations for the coefficients G^ u . As we have stated, this system is not compatible in 
general, and Si is the closed submanifold where it is compatible. Then, there are HDW-multivector 
fields on Si, but the number of arbitrary functions on which they depend is not the same as in the 
general case, since it depends on the dimension of Si. Now the tangency condition must be analyzed 
in the usual way. Finally, the question of integrability must be considered. To this purpose similar 
considerations as above must be made for the submanifold Sf instead of J l *E. 

Some of the problems considered in this and the above section have been treated in an equivalent 
way, but using Ehresmann connections, in p5| and [p6| . 

As a final remark, concerning to the study of symmetries for restricted Hamiltonian systems, 
results like those discussed in sections || and [5] would be applicable,in general, to this situation, but 
for the subbundle Sf — > M, and taking as symmetries vector fields Y G X(J U E which are tangent 
to S f . 

7 Hamiltonian formalism for Lagrangian systems 

From the Lagrangian point of view, a Classical Field theory is described by its configuration bundle 
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is usually written as C = £it 1 *uj, where £ G C°°( J E) is the Lagrangian function associated with C 
and u. Then a Lagrangian system is a couple ((E, M; tt), £). The Poincare-Cartan m and (m + 1)- 
forms associated with the Lagrangian density C are defined using the vertical endomorphism V of 
the bundle J 1 ^ |, @: 

Q c ;=i(V)£ + C = 6 c + £ G Q m {J l E) ■ fl c := -d9 £ G Q m+1 (J l E) 

In a natural chart in J l E we have 

e, - ^d/Ad™" 1 ! -(— V A - 




n c = -^Ad/Ad^-^Ad/Ad^ + 



£ a r m I d 2 £ a d£ d 2 £ \ r> 

The Lagrangian system is regular if f?£ is 1-nondegenerate and, as a consequence, (J 1 ^,^^) is 
a multisymplectic manifold 0]. Elsewhere the system is non-regular or singular. The regularity 

( d 2 £ _\ 

condition is equivalent to demanding that det , p (y) / , for every y G J X E. (For more 

details see, for instance, §, §, g, Q, 0, 0, Q, g§). 

As for Hamiltonian systems, a variational problem can be posed for a Lagrangian system, 
which is called the Hamilton principle of the Lagrangian formalism: the states of the field are the 
(compact-supported) sections of tt which are critical for the functional L:T C (M, E) — > R defined 
by L(</>) := ^(j 1 ^)* C, for every </> G r c (M, These (compact-supported) critical sections are 
characterized by the condition 

(jV)* «PO^C = , for every X G X( .^E) 
which, in a natural system of coordinates in J l E, is equivalent to demanding that <f> satisfy the 



d£ 



dy J 



d d£ 



Euler-Lagrange equations: — T - — -— -j = . Then [§, M, pfl, Q 



A 1 



Theorem 7 Tae critical sections of the Hamilton principle are canonical liftings, j l <fi:M — > J 1 ^, 
o/ sections 4>: M — > 22, which satisfy any one of the following conditions: 

1. They are the integral sections of an holonomic jet field y^: J 1 E — > J 1 J 1 E such that i(yc)Q J c = 
0. 

5. JTiey are £ae integral sections of an holonomic connection V £ smc/i i/iai i(V,c)S7£ = (m— l)fi£. 

5. Taey are t/ie integral sections of a class of holonomic multivector fields {Xc} C X m (J 1 E) 
such that i{Xc)£lc = 0, /or every Xc G {-^Cc}- 

X£ G X m (J 1 E) is an Euler-Lagrange multivector field for £ if it is semi- holonomic and is 
a solution of the equation i(Xc)Qc = 0. (The same terminology is also used for jet fields and 



connections). Then, using this theorem, it can be proved that ||, 25] : 



If ({E, M; tt), C) is a regular Lagrangian system, then there exist classes of Euler-Lagrange 
multivector fields for C. In a local system these multivector fields depend on N(m 2 — 1) 
arbitrary functions, and they are not integrable necessarily, except perhaps on a submanifold 
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• For singular Lagrangian systems, the existence of Euler-Lagrange multivector fields is not 
assured, except perhaps on some submanifold S J^E. Furthermore, locally decomposable 
and ^-transverse multivector fields, which are solutions of the field equations, can exist (in 
general, on some submanifold of J^E), but none of them are semi-holonomic (at any point 
of this submanifold). As in the regular case, although Euler-Lagrange multivector fields exist 
on some submanifold 5, their integrability is not assured, except perhaps on another smaller 
submanifold I S. 

The Lagrangian and Hamiltonian formalisms are related by means of the corresponding Leg- 
endre map FC: J^E — > J^*E. In order to define it, first we introduce the extended Legendre map 
FC: J X E -> Mir in the following way |§: 

{J r Cy))(Z 1 , . . . ,Z m ) := (@ c )y(Zi,...,Z m ) 

where Zi,...,Z m € T n i^E, and Z\, . . . ,Z m S TyJ l E are such that Ty^Z^ = Z^. {T 'C can 
also be defined as the "first order vertical Taylor approximation to £" ||, jig] ). Hence, using the 
natural projection ft: Mir = AfT*£ -> Af T*E/A^T*E = J U E, we define FC := /iof£. Its 
local expression is 

FC*x» = x» , FC*y = y , FCp\ = 



Definition 6 Let {{E, M ; 7r), C) be a Lagrangian system. 

1. ((E, M ; 7r), C) is a regular or non-degenerate Lagrangian system if FC is a local diffeomor- 
phism. Elsewhere ((E , M ; n) , C) is a singular or degenerate Lagrangian system (This defini- 
tion is equivalent to that given above). 

As a particular case, ({E , M ; n) , C) is a hyper-regular Lagrangian system if FC is a global 
diffeomorphism. 

2. A singular Lagrangian system ((E , M ; 7r) , C) is almost-regular if: 

(a) P := FC(J 1 E) is a closed submanifold of J^*E. 

(We will denote the natural imbedding by jo: P J^*E). 

(b) FC is a submersion onto its image. 

(c) For every y E J l E, the fibers FC~ l {FC{y)) are connected submanifolds of J l E. 

It can be proved ||, p6| , that if ((E, M;tt), C) is a hyper-regular Lagrangian system, then 
TC{J l E) is a 1-codimensional imbedded submanifold of A4.it, which is transverse to the projection 
fi, and is diffeomorphic to J l *E. This diffeomorphism is h := TC o FC^ 1 (which is just fi^ 1 , 
when ju is restricted to J-C{J l E)), and it is a Hamiltonian section. Thus we can construct the 
Hamilton-Cartan forms by making 0^ = h*0 and Q.^ = h*0. Then the couple (J l *E, Cl^) is said 
to be the Hamiltonian system associated with the hyper-regular Lagrangian system {{E, M; tt),C). 
Locally, this Hamiltonian section is specified by the local Hamiltonian function H = p^FC~ 1 *v^ — 
FC^ 1 * £ , then the local expressions of these Hamilton-Cartan forms are @ , and the (non-covariant) 
expression of the Hamiltonian equations are (^). Of course FC*@h = ©£ and FC*VLh = tie. 

This construction can also be made as follows: given a connection V in the bundle it: E — > M, 
let j'v : J X *E — > A4n be the associated linear section, and V = jyO. Then we can define a unique 
Hamiltonian density TF 7 in two different but equivalent ways: by making the difference — h, or 
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constructed using the connection V. In any case, the form = V — TV 7 , and hence O^, are the 
same as above (see |TT|| ). 

If ((E, M; tt),C) is an almost-regular Lagrangian system, then a restricted Hamiltonian system 
(J 1 * E , P, flfr) can be associated in a similar way 

One expects both the Lagrangian and Hamiltonian formalism to be equivalent. As in mechanics, 
the standard way of showing this equivalence consists in using the Legendre map. First we can lift 
sections of n from E to J U E, as follows: 



ill, 



Definition 7 Let ((E, M; ir), C) be a hyper-regular Lagrangian system, FC the induced Legendre 
transformation, (f>:M—>E a section of it and j^$:M — > J l E its canonical prolongation to J X E. 
The Lagrangian prolongation of <j) to J l *E is the section 

j u <t> := FC o j l cj): M -» J U E 

(If ((E, M; 7r), C) is an almost-regular Lagrangian system, the Lagrangian prolongation of a section 
(f>: M -> E to P is jl*(f> := R£ o j l <p: M -> P). 



Theorem 8 (Equivalence theorem for sections) Let ((E, M;ir), C) and (J^E,^!^) be the La- 
grangian and Hamiltonian descriptions of a hyper-regular system. 

If a section (j) G T C (M,E) is a solution of the Lagrangian variational problem (Hamilton prin- 
ciple) then the section ip = j 1 *^ := FC o j l <p G Y C (M, J l *E) is a solution of the Hamiltonian 
variational problem (Hamilton- J acobi principle). 

Conversely, if if) G T C (M, J U E) is a solution of the Hamiltonian variational problem, then the 
section (j) = r 1 o ip G F C (M, E) is a solution of the Lagrangian variational problem. 

( Proof ) Bearing in mind the diagram 




M 



If (p is a solution of the Lagrangian variational problem then (j l 4>)* i(X)£l£ = 0, for every X G 
X( J l E) (Theorem g); therefore, as FC is a local diffeomorphism, 

o = {j 1 ®* i{x)n L = {?<!>)* i{x){FC*n h ) 

= (j l ^yFC*(i(Fc; l x)£i h ) = (FCof<t>)*i(x')n h ) 

which holds for every X' G X.{J l *E) and thus, by (|5|), ip = FCoj l <j) is a solution of the Hamiltonian 
variational problem. (This proof also holds for the almost-regular case). 

Conversely, let ip G T C (M, J l *E) be a solution of the Hamiltonian variational problem. Revers- 
ing the above reasoning we obtain that (FC 1 o yb)* i(X)Q c = 0, for every X G X(J l E), and hence 
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we are in the hyper-regular case, a must be an holonomic section, a = j 1 ^ ||, [25|, [36], and since 
(Jl3) is a commutative diagram, <f> = r 1 o ip G Y C (M, E). ■ 

Observe that every section ip: M — > J 1 *^ which is solution of the Hamilton-Jacobi variational 
principle is necessarily a Lagrangian prolongation of a section 4>:M^E. 

Theorem 9 Let ((E, M;ir), C) and (J 1 * E,£lh) be the Lagrangian and Hamiltonian descriptions of 
a hyper-regular system. 

1. (Equivalence theorem for jet fields and connections) Let and y-ft be the jet fields solution 
of the Lagrangian and Hamiltonian field equations respectively. Then 

j x FL oy c = y H oFC 

(we say that the jet fields y^ and o-re F C-related) . As a consequence, their associated 
connection forms, V c <ind V-^ respectively, are F C-related too. 

2. (Equivalence theorem for multivector fields) Let Xc G X m (J 1 E) and X-h G X m (J 1 *E) be 
multivector fields solution of the Lagrangian and Hamiltonian field equations respectively. 
Then 

A m TF£ oX c = fX H o FC 
for some f G C 0O (J 1 *E) (we say that the classes {Xc} and {X^} are FC-related). 

That is, we have the following (commutative) diagrams: 

K m TJ l E ► A m TJ u E JV 1 ^ ► J l (J u E) 

A m TF£ j l FC 



Xn ; yc y-n 

FC FC 

J l E ► J U E J l E ► J U E 



( Proof ) The first item is a consequence of Theorem || since the critical sections solutions of the 
Lagrangian and Hamiltonian variational problems (which are .FX-related) are the integral sections 
of the jet fields yc and y-n, respectively (see also |M )- 

The second item is an immediate consequence of the first one and the equivalence between 
orientable and integrable jet fields and classes of non-vanishing, locally decomposable, transverse 
and integrable multivector fields. ■ 



8 Example 

(See also the reference |3^| ). 

Most of the (quadratic) Lagrangian systems in field theories can be modeled as follows: tt: E — > 
M is a trivial bundle (usually E = M x R^) and then tt : J X E — > E is a vector bundle, g is a 
metric in this vector bundle, 7 is a connection of the projection n , and / G C°°(£') is a potential 
function. Then the Lagrangian function is 
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and in natural coordinates takes the form [34] 



£ 



2 



<B(y)K -7»)(< --fib)) +f(y) 



For simplicity, we consider a model where the matrix of the coefficients a^ B is regular and symmetric 
at every point (that is, a A ^ B (y) = a^(y)). This fact is equivalent to the non-degeneracy of the 
metric g. The Legendre map associated with this Lagrangian system is given by 



FC*y A 



y 



F£*p>X = a% B (y)(vZ- 1 ?(x)) 



,B, 



and the local expression of the Hamilton-Cartan (to + l)-form is , where the local Hamiltonian 
function is 



H 



(here a AB denote the coefficients of the inverse matrix of (a^ B )). Hence 



p>Xdy A A d m ^ Xfl - ( -a™{yW B - f(y) ) d m x 



-dp'i A dy A A d m ^x. 



+ d[^a A u B (y)p^ B -f(y))Ad 



and it is a multisymplectic form. Then, taking (|7|) as the local expression for representatives of the 
corresponding classes of HDW-multivector fields {X-j^} C X-^owi J U E), their components F A are 



Ft 



dH 

M 



and G^ u are related by the equations 



dH 

dy A 



-PcPb + 



2 dy J 



(14) 



This system allows us to isolate ./V of these components as functions of the remaining N(m 2 — 1); 
and then it determines a family of (classes of) HDW-multivector fields. In order to obtain an 
integrable class, the condition of integrability 1Z = (where 7Z is the curvature of the associated 
connection) must hold; that is, equations (10) and ( JTT| ) must be added to the last system. 

As a simpler case, we consider that the matrix of coefficients is a AB (y) = 5 AB 5^ V ^ (that is, we 

take an orthonormal frame for the metric g), then we have that H = —5 AB 5^ lv p^ A p B — f(y) . In 
this case, equations ( |i"4| ) reduce to 

df 



G Ap 



dy J 



From this system we can isolate N of the coefficients Ci : for instance, if p., u = 0, 1, 
those for which p = v = 0: Thus 



, m 



^ A 



AO 



df. 

dy A 



m—l 

E * ab g b , 



Therefore the HDW-multivector fields are 



m—l 

A 

li=0 



° + S a %„ Pb A + 6° 



dx^ 



'dy J 



df_ 

dy A 



m—l 



E 5AB °b 



u=l 



Bfj 



d 
dp° A 
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Now, if we look for integrable Euler-Lagrange multivector fields, the integrability conditions ( |i~0|) 
and (O) must be imposed. 



The Lagrangian formalism for this model (using multivector fields) has been studied in Q. 
Then, the corresponding (semi-holonomic) Euler-Lagrange multivector fields Xc given there by 



m—l 

A 

fi=0 



_d_ 



' J » dy A 



— r + 5 ^5 AC 



df_ 

dy c 



m—l 



E s cdG 



u=l 



d 
dv A 



E g 



B 



9 +y,g c 3 



m q v c 



can be compared with the HDW-multivector fields here obtained, observing that, in fact, they are 
related as stated in the second item of Theorem ||. 

As a final remark, we can obtain some typical first integrals, by applying Noether's theorem. 
As infinitesimal generators of symmetries we take the following 7r-projectable vector fields in E 



d 



Z 



fj,u 



,1 

dx u 



,_d_ 



(they are isometries of the metric g and symmetries of the potential function /, which generate 
space-time translations and rotations), and whose canonical liftings to J X *E are the vector fields 



Y, 



d 
dx^ 



Y, 



dx h 



x 



d 
dx^ 



+ PA 



d 
9pa 



Pa 



d 
dp" 



In fact, they are Cartan-Noether symmetries satisfying that L(Y^)Q^ = and L(1%,)0^ = 0, and 
their corresponding associated first integrals are then 



J>A.A a Am-2 X + Hd m-1, 



x vp + Hd m - L x u ) - x v {-p p A dy A A d m ~ l x w + tfd m ~%) 



^ = i(Y, u )G? = x»(-p A dy A Ad m - 

= X^ Y „-X U ^ 

If 5 ^ J U E is an integral submanifold of the system, this means that 



f s dC Y , = , f s d(x^ Y „ - x"£ y J = dx p A j* s fr u - dx» A fsfr, = 



9 Conclusions 

We have used the relation between jet fields (connections) and multivector fields in jet bundles to 
give alternative geometric formulations of the Hamiltonian equations of first-order Classical Field 
theories, and study their characteristic features. In particular: 

• The difference between the Hamilton-De Donder-Weyl equations and the covariant form of 
the Hamiltonian equations is analyzed and throughly clarified from a geometrical point of 
view. 

• We prove that the Hamiltonian field equations can be written in three equivalent geometric 
ways: using multivector fields in J U E (the multimomentum bundle of the Hamiltonian for- 
malism), jet fields in J 1 (J 1 *£') or their associated Ehresmann connections in J l *E. These 
descriptions allow us to write these field equations in an analogous way to the dynamical 
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• Using the formalism with multivector fields, we show that the field equations i{Xy)VC^ = 0, 
with X^i G X m (J 1 *E) locally decomposable and f ^transverse, have solution everywhere 
in J U E, which is not unique; that is, there are classes of HDW multivector fields which 
are solution of these equations. Nevertheless, these multivector fields are not necessarily 
integrable everywhere in J^E. These features are significant differences in relation to the 
analogous situation in mechanics. 

• The concept of (infinitesimal) symmetry of a Hamiltonian system (J l *E, fi^ 7 ) in Field theory 
is introduced and discussed from different points of view. The relation between Cartan- 
Noether symmetries (those leading to first integrals of Noether type) and general symmetries 
has been discussed. 

• In particular, a version of Noether's theorem (in the Hamiltonian formalism) using multivector 
fields is proved. This statement is also generalized in order to include first integrals arising 
from higher-order Cartan-Noether symmetries. 

• We have analyzed the case of restricted Hamiltonian systems (i.e., those such that the Hamil- 
tonian equations are stated in a subbundle P -» E -> M of J U E). In this case, not even 
the existence of HDW-multivector field is assured, and an algorithmic procedure in order to 
obtain a submanifold of P where HDW-multivector fields exist, is outlined. Of course the 
solution is not unique, in general. 

• For Hamiltonian systems associated with hyper-regular Lagrangian systems in Field theory, 
we have proved different versions of the one-to-one correspondence between the solutions of 
field equations in both formalisms; namely: the equivalence theorem for sections, jet fields 
and connections, and multivector fields. 

Hence, this work completes the results of ||, where the special features of the Lagrangian 
formalism of first-order Field theories in terms of multivector fields were studied. 

A Appendix 

(See |], and also @, f§ and pf). 

Let J? be a n-dimensional differentiable manifold. Sections of A m (TE) (with 1 < m < n) 
are called m-multivector fields in E. We will denote by X. m {E) the set of m-multivector fields 
in E. Given Y G X m (E), for every p G E, there exists an open neighborhood U p C E and 
Y\, . . . ,Y r 6 3C(U P ) such that 

Y= f h - im Y n A...AY tm 

p l<ii<...<i m <r 

with f ll --- tm £ C°°(Up) and m < r < dim£\ A multivector field Y E 3C n (E) is locally decomposable 
if, for every p £ E, there exists an open neighborhood U p C E and Y\,..., Y m 6 X(U P ) such that 

Y = Fi A . . . A Y m . 

Up 

If fi G f2 k (E) is a differentiable A;- form in we can define the contraction 

i(Y)n= / il - im i(Y\ A ... A Y m )VL = £ f ^ i{Y x ) . . . i(Y m )Sl 

p l<ii<...<i m <r l<ii<...<i m <r 

if k > m, and equal to zero if k < m. The Ai-form f2 is said to be j-nondegenerate (for 1 < j < k — 1) 
if, for every p G E and Y G % j (E), i(Y p )VL p = o Y p = 0. The graded bracket 
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defines an operation of degree m — 1 which is called the Lie derivative respect to Y. If Y G 3C(E) 
and X G X J (E), the graded commutator of h(Y) and h(X) is another operation of degree i + j — 2 
of the same type, i.e., there will exists a (i + j — l)-multivector denoted by [Y,X] such that, 

[L(Y),L(X)]=L([Y,X]) 

The bilinear assignment 1,7 h Y] is called the Schouten-Nijenhuis bracket of X, Y. If X, Y 
and Z are multivector fields of degrees i, j, k, respectively, then the following properties hold: 

1. [X,Y] = -{-lY i+1 ^ +1 ^[Y,X]. 

2. [X, Y AZ} = [X,Y]f\Z+ (-l)(*+i)Ci+i)y a [X, Z]. 

3 . [Y,Z]} + (-l)(i+ 1 )(*+ 1 )[y, [Z,X]] + [x,y]] = 0. 
Moreover, if X G £*(£) and Y G £ m (£), then 

Y])n = L(x) i(Y)n - (-\) l+m i(Y) L(x)n 

A non- vanishing m- multivector field Y G 3£ m (E) and a m-dimensional distribution D C TE are 
locally associated if there exists a connected open set U C E such that Y|{/ is a section of A m L>|[/. If 
Y, Y' G £ m (.E) are non- vanishing multivector fields locally associated with the same distribution D, 
on the same connected open set U, then there exists a non- vanishing function / G C°°(U) such that 
Y 1 = fY. This fact defines an equivalence relation in the set of non-vanishing m-multivector fields 

in E, whose equivalence classes will be denoted by {Y}[/. Then, there is a bijective correspondence 
between the set of m-dimensional orientable distributions D in TE and the set of the equivalence 
classes {Y}e of non- vanishing, locally decomposable m-multivector fields in E. The distribution 
associated with the class {Y}u is denoted T>u(Y). If U = E we write V{Y). 

A submanifold S E, with dim S = m, is said to be an integral manifold of Y G X m (E) if, 
for every p G S, Y p spans A m T p S'. Y is an integrable multivector field on an open set U C E if, 
for every p G U, there exists an integral manifold S ^ U o£ Y, with p G S. Y is integrable if it 
is integrable in E. Y is involutive on a connected open set U C E 1 if it is locally decomposable in 
C7 and its associated distribution XV (Y) is involutive. Y is involutive if it is involutive on E. If a 
y £ o£ m ^fi^ j g integrable, then so is every other in its equivalence class {Y}, and all of them have 
the same integral manifolds. Moreover, Frobenius' theorem allows us to say that a non-vanishing 
and locally decomposable multivector field is integrable on a connected open set U C E if, and 
only if, it is involutive on U. 

Now, let 7r: E — > M be a fiber bundle. Y G X m (E) is said to be n-transverse if, at every 
point y G E, {i(Y)(TT*u)) y ± 0, for every u G I2 m (M) with u(ir(y)) + 0. Then, if Y G is 
integrable, Y is 7r-transverse if, and only if, its integral manifolds are local sections of it: E — > M. 
In this case, if (f>:U C M — > E 1 is a local section with </>(x) = y and 4>(U) is the integral manifold of 

Y through y, then T y (Imcf)) is T> y (Y). 

In Hamiltonian Field theory we are interested in multivector fields in f l :J l *E — > M. Now 
remember that a connection in J 1 *^ is one of the following equivalent elements: a global section 
y-.J u E -> J^J 1 *^) of the projection J^J 1 *^) -» J 1 *^ (a jet fieJd), a subbundle H(J 1 *E) of 
TJ 1 *^ such that TJ 1 *!? = V(f x ) © H( J l *E) (which is called a horizontal subbundle, and it is also 
denoted by T>(y) when considered as the distribution associated with y), or a f 1 -semibasic 1-form 

V on J U E with values in TJ U E, such that V* q = q, for every r 1 -semibasic form a G fl l (J 1 *E) 
(the connection form or Ehresmann connection). A jet field y-. J 1 * E — > J 1 (J 1 *£') (or a connection 
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Theorem 10 There is a bijective correspondence between the set of orientable jet fields y: J E —. 
J 1 (J 1 *£^) (or orientable connections V in f : J 1 * E — > M) and the set of the equivalence classes of 
locally decomposable and r 1 -transverse multivector fields {X} C 3C m (J 1 *E) (they are characterized 
by the fact that T>(y) = V{X)). Then, y is integrable, if, and only if, so is X, for every X G {X}. 



The expression for a representative multivector field X of the class {X} associated with a jet 

m ( 8 8 8 \ 

aeldy^(x»,y A ,p%F£( X ,y, P ),G^(x,y, P )) is X = /\ + F^ + G p Afl ^j . 
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